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lterative Descent Methods
m}zn f(x)

s.t. xeR"
* If Vf(x) =0, we have a candidate

* If Vf(x) # 0, not a candidate =» Can we locally improve?

If Vi(x)Id <0
16 >0, st. f(x+ad) < f(x), Vae(0,0)

How to select
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Step-size and direction?

Choices of Direction

d” = —Vf(x") x" T x" +a"d"
e Steepest/gradient descent:

* Diagonally scaled gradient descent:(: —DTVf® for some D" > 0

« Newton direction (why?): d” = — (sz(xr )_1 V(")
* Benefit

D" = diag (V2f(x"))




Choices of Step-size:




e Constant: @ =a, Vr=0,1,...

Need to be careful about step-size!!
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Choices of Step-size:

XT+1 . X'r _|_a'rd'r

Constant: o« = «, Vr=0,1,...

e Exact Minimization: " € arg {‘11;101 f(x" + ad")

* Limited Minimization " € arg min f(x" + ad”)
ac(0,&]

Diminishing: a” | 0, With Why?

e Back-tracking/Armijo: Constants 3,0 € (0,1) and initial stepsize &

o = max{af’gi @_ f(x’-’" -+ Dz —O ﬁsz(XTE 1 =0,1,.. }

Claim:If (Vf(x7),d") < 0, then a” is well-defined Actual decrease Predicted decrease




COnvergence AnaIySIS Step-size + Direction — Algorithm

 Convergence to a stationary point (set of stationary points)
e Typical minimum requirement
* Asymptotic rate of convergence (Convergence rate) Assume {x"} — x*

* Error function examples: e(x) = ||x — x™|| or e(x) = f(x) — f(x")

e Asymptotic behavior

B € (0,1): linear
r+1
lim sup ex™ ) =f 4 B =1: sublinear

rooo  e(X"
E (x7) \ B = 0: superlinear

* Iteration complexity analysis:  Why we call it linear?

-
* Number of iterations required to achieve €optimal solution: e(x") <e
* Currently, worst case analysis
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Convergence to Stationary Points

* To asingle limit point may not be easy

* Gradient related condition: For any subsequence {x"},cx converging to a non-
stationary point, the corresponding subsequence is bounded and

limsup Vf(x")?d" < 0.

r—o00,reX

d" = -D"Vf(x") with yI = D" =11 >~ 0, Vr

 Example:

A%



Convergence to Stationary Points

. Assums:

X +—x"+a"d"
d” gradient related
Lipschitz gradient:L > 0 s.t. [Vf(x) = Vf(y)ll = Lllx —y[l, Vx,y € "

One of the followisigpsize rul
* (a) Diminishing%@% 0, and%ar — 00

+ (b) Armijo (2 9|Vf(x)Td"
e (c) Small enough0 <e<a” < L[jar|2

* Then, every limit point of the iterates is a stationary point, i.e.,
if {x" }rex — X, then Vf(x) =0

» Special case: gradient direction L ?
. Plr?oof (Requir%s descent Iemﬁféﬁ h) < f(x) + RV f(x) + 2||h||2<: \Ié\'{ggfuseful.
* These are (asymptotically) monotone rules No assumption on cgnvexity!
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